Nested-layer particle swarm optimization (NLPSO) is a powerful method to detect bifurcation parameters in discrete-time dynamical systems. Although NLPSO requires no carefully set initial system parameters, Lyapunov exponents or derivation of objective functions, the method can quickly and accurately detect the bifurcation parameter. Previous studies have proven the effectiveness of NLPSO for discrete-time dynamical systems, but they have not demonstrated the effectiveness of continuous dynamical systems. This study proposes an NLPSO-based method to detect bifurcation parameters in non-autonomous continuous-time dynamical systems and applies the method to the Duffing equation. By adding Poincaré maps computation to the algorithm, the NLPSO accurately detected period-doubling and saddlenode bifurcation parameters in the non-autonomous dynamical systems and the discrete-time dynamical systems, without a change in objective functions.
Introduction
Complex real-world dynamics in engineering, biological, social-ecological systems can be modeled as dynamical systems containing one or more parameters. In general, the behavior is nonlinear and bifurcation phenomena can be observed, In bifurcation theory, the bifurcation occurs when a small change, applied to the parameter values of a system (referring to bifurcation parameter), causes a sudden qualitative change in the periodic solutions' behavior. Bifurcation analysis, which investigates how bifurcations depend on the system parameters, is one of the most important nonlinear analysis techniques for an understanding of phenomena since small changes in the parameter values may have large effects on the system behaviors. To detect bifurcation parameters at a periodic point, we must derive not only the system parameters satisfying the bifurcation conditions but also the periodic point depending on the bifurcation parameters. Various detection or tracing methods for bifurcation parameters have been developed [1] [2] [3] . However, these conventional methods are based on the Newton-Raphson method, which is a gradient-based algorithm that requires the derivation of the objective functions and appropriate initial values. However, application of these methods is sometimes difficult for inexperienced developers who are unfamiliar with the nonlinear analysis. Alternatively, Matsushita et al. proposed a non-Newton method detected bifurcation parameters in discrete-time dynamical systems [4] , referred as nested-layer particle swarm optimization (NLPSO), and based on a particle swarm optimization (PSO) [5] . The PSO is one of the population-based optimization search techniques that comprises multiple potential solutions and avoids the derivation of the objective functions. NLPSO is performed using two nested PSOs. The main PSO searches the bifurcation parameters, whereas the inner PSO searches the periodic point that depends on the system parameter corresponding to the information on the main PSO agent. Using the periodic point returned by the inner PSO, the main PSO calculates the objective function of the bifurcation conditions for the agent. Although no careful setting of initial system parameters or cumbersome hand calculation for NLPSO is required, NLPSO can quickly and accurately find the local bifurcation parameter without a Lyapunov or gradient-based method, regardless of the periodic point stability. The initial value problem of Newton method-based bifurcation analyses can then be solved by assigning the NLPSOdetected bifurcation parameter as the initial point of the bifurcation curve tracing. Since NLPSO is very effective in terms of accuracy, robustness, usability and convergence speed, the application of NLPSO to detect bifurcation parameters in other dynamical systems except for the discrete-time dynamical system has been required.
In addition, bifurcations occur in both continuous systems described by ordinary differential equations (ODEs) and discrete-time systems described by maps. Since most of the dynamical systems in engineering or biological research are applicable to the continuous systems, a powerful bifurcation parameter detection method in the continuous systems is essential. In the continuous-time dynamical systems, the Newton-based detection method, cumbersome in calculation than the discrete-time dynamical systems, requires second-order partial derivative of the system equations. As there is the only precedent for NLPSO, applied to the discrete-time dynamical systems, its application to bifurcation parameter detection in the continuous dynamical systems must be tested.
This study demonstrates the ability of NLPSO in detecting the local bifurcation parameters in non-autonomous systems using a simple calculation. A non-autonomous system is a system of ODEs which explicitly depends on the independent variable. The independent variable is usually assumed to be time. The proposed approach incorporates a Poincaré map calculation to the NLPSO algorithm. Obviously, both the NLPSO optimization process and the Poincaré map calculation do not require derivation of the system equations. Therefore, the proposed NLPSO approach can discretize continuous dynamical systems with the ability to detect the bifurcation parameters without a change in the objective functions from the discrete-time dynamical systems. Thus, the proposed NLPSO for non-autonomous systems were applied to a Duffing equation. In these experiments, the NLPSO accurately detected period-doubling bifurcation parameters and saddle-node bifurcation parameters, directly from the parameter space.
A through review of the literature reveals that this is the first PSO-based bifurcation analysis that detects two bifurcation parameters in non-autonomous systems. Although the PSO-based bifurcation analysis methods [6, 7] have been proposed, the methods [6] cannot detect two or more bifurcation parameters directly. However, they require exact solutions of a periodic solution to detect two bifurcation parameter method [7] . Since a great number of continuous dynamical systems exist in the real worlds, bifurcation parameters detection tools in the continuous systems are very important from both fundamental and application viewpoints [8] . Thus, the proposed approach is a powerful bifurcation parameter detection method in terms of accuracy, robustness and usability for non-autonomous systems, which can certainly be developed into an efficient tool to autonomous systems in continuous dynamical systems.
The rest of this paper is organized as follows. Section 2 defines a non-autonomous dynamical system and the bifurcation of its periodic solutions. Section 3 provides the overviews of the PSO algorithm. Section 4 describes the proposed approach by incorporating a Poincaré map calculation to the NLPSO algorithm. Section 5 illustrates the validity and applicability of NLPSO illustrated with several examples. Section 6 provides conclusions and identifies several directions for future research.
Definition
We consider an N -dimensional continuous dynamical system described by ODEs in Eq. (1):
where t ∈ R denotes the time; x ∈ R N corresponds to the state variables and λ ∈ R L are the system parameters. Since the state velocity includes the time t, Eq. (1) is called a non-autonomous system.
. The map f periodically varies according to the time t with period T . A solution of an initial state x(t 0 ) = x 0 ∈ R N (t 0 = 0) is defined as
Then the Poincaré map Φ is described as
Let Φ l denote the l-th iteration of the map Φ which is described as
In other words, the Poincaré map converts the continuous system to the discrete-time system by sampling the orbit from the initial state x 0 with the sampling interval T as
An n-periodic solution of Φ is defined as follows:
x p = Φ n (x p ) = ϕ(nT, x p , λ) and x p = Φ l (x p ) for l < n.
Hereafter, x p is referred as n-periodic solution x p . The Jacobian matrix of Φ n at the n-periodic solution x p is described as
with the characteristic equation:
where I N denotes the N × N identity matrix, and μ is a characteristic multiplier of DΦ n (x p ). The characteristic multipliers determine the local stability class of an n-periodic solution x p . Perioddoubling and saddle-node bifurcations occur under the conditions μ = −1 and μ = 1, respectively. Table I summarizes the variables used in the dynamical system definition. 
Overview of particle swarm optimization(PSO)
The PSO is one of the simplest and most popular population-based optimization techniques that exploits a population of individuals that correspond to multiple potential solutions. The population is called swarm and the individuals (i.e., the objective variables of the optimization) are called particles. This section briefly explains the PSO algorithm. Table II summarizes the symbols used in the PSO. Each particle carries position and velocity information. Suppose a D-dimensional search space and a swarm contains M particles, the position and velocity vectors of the i-th particle at iteration k are represented by
Initially, the PSO particles are randomly distributed in the search space, and each particle moves toward its personal best position p i (k) = (p i1 , p i2 , · · · , p iD ) (pbest), which define their best previous position and the global best position p g (k) = (p g 1 , p g 2 , · · · , p g D ) (gbest), that defines the best pbest with the best objective value among all particles, i.e.,
where F is the objective function under consideration. As p i and p g are updated at every iteration, p g (t) is the global optimum solution at iteration k. The elements of v i and z i in each dimension d of particle i are updated as follows [9] :
where d = 1, 2, · · · , D, and r 1 and r 2 are two random numbers distributed in the interval [0, 1], taking a different value in each dimension d. The inertia weight w determines how much of the particle's previous velocity is preserved. c 1 and c 2 are fixed positive acceleration coefficients. Table III summarized how the three parameters are set to their optimal default values [10] . These processes are repeated until the user-defined stop criterion is reached. NLPSO [4] is performed by two nested PSO algorithms to find the system parameter λ that produces a bifurcation phenomenon on an n-periodic solution x p in a discrete-time dynamical system. In the NLPSO algorithm, the main PSO (PSO bif ) seeks the bifurcation parameter λ, and the inner PSO (PSO pp ) searches for the periodic solution x p depending on the system parameter information that is given by the position of the PSO bif particles. Although NLPSO requires no carefully set initial system parameters or exact calculation, it can quickly and accurately detect the bifurcation parameter without a Lyapunov exponent or a gradient-based method. In this paper, we extend the NLPSO-based bifurcation parameter detection method to non-autonomous systems using the Poincaré map. In this section, we explain the proposed approach in detail. Algorithm 1 is the pseudo code of PSO bif , which Algorithm 1 Pseudo code of the NLPSO for a non-autonomous system. Objective variable z b corresponding to bifurcation parameter λ on the map f .
The proposed approach
Update v bid (k 1 ) and z bid (k 1 ) according to Eq. (10). end for d end for i end while Output the final results p bg as a bifurcation parameter λ.
Algorithm 2 Pseudo code of PSO pp that finds n-periodic solution.
procedure PSOPP(λ) Objective variable z p corresponding to n-periodic solution x p . Objective function F pp (z p ). Initialize particle information of the PSO pp .
The deemed n-periodic solution depending on λ is p p g . end procedure is our proposed NLPSO-based strategy for local bifurcation parameters in non-autonomous systems. Algorithm 2 is the pseudo code of PSO pp , which is invoked from PSO bif . Table II summarizes the symbols used in NLPSO.
The PSO bif , a position vector z b = (z b1 , z b2 , · · · , z bL ) corresponding to an objective variable λ (i.e., the system parameter); the PSO bif search-space dimension D is equivalent to the number of the 
Variable
Symbol
where x p * is a deemed n-periodic solution detected by the PSO pp , F pp is an objective function of the PSO pp as will be described later, and C pp is the criterion of the deemed periodic solution x * p . The PSO bif stops searching if gbest of the PSO bif satisfies F bif z bg < C bif , where C bif is the stop criterion corresponding to the optimization accuracy. Since DΦ n x * p = ϕ nT, x * p , z b , Eq. (11) is obtained by calculating the Poincaré map of the non-autonomous system described in Eq. (1), the Eq. (11) defines the bifurcation condition at the deemed n-periodic solution x * p , according to Eq. (8) . Note that Eq. (11) guarantees an accurate periodic solution x * p that composes of the detected bifurcation parameters λ. When a PSO bif particle takes system parameters for which no n-periodic solution exists, it does not affect the pbest and gbest of the PSO bif because its F bif is assigned a bad value (F bif = ∞). Therefore, the PSO bif particles converge to other particles taking system parameters for which nperiodic solutions do exist. This effect avoids a false periodic point, that violates F pp x * p < C pp , and is effective for the saddle-node bifurcation parameters detection [11] .
To calculate Eq. (11), we must derive the n-periodic solution x p depending on the system parameter λ corresponding to the PSO bif particle position z b . Let M bif denote the number of particles in the PSO bif . By calling the PSO pp M bif times, using different system parameters given by each z b , the PSO pp searches for the M bif periodic solutions, which depend on the respective system parameters. A position vector of the PSO pp z p = (z p 1 , z p 2 , · · · , z p N ) corresponds to an objective variable x p ; thus, the PSO pp search space dimension D is equivalent to the dimension of the system N . The objective function of the PSO pp is defined as
where C pp is the stop criterion of PSO pp , · denotes the Euclidean distance. The Φ n (z p ) = ϕ (nT, z p , λ) corresponds the state variable, which defines the n-th iteration of Φ with initial point z p and system parameter λ. This is obtained by considering the Poincaré map in the same way as the PSO bif . Therefore, F pp is minimized at 0 when z p is exactly an n-periodic solution (i.e., z p ≡ x p ). Meanwhile, the gbest z p g detected by the PSO pp after searching, is called a deemed nperiodic solution x * p because it is only an estimated periodic solution and not guaranteed to be a true n-periodic solution even if x * p satisfied the criterion F pp (x * p ) < C pp . In addition, if a PSO bif particle takes system parameters λ with no n-periodic solution, the PSO pp can never detect a periodic Variable
solution. In this case, the PSO pp returns a false-periodic solution, that violates F pp (x * p ) < C pp , to the PSO bif .
Experimental results
To evaluate the performances of the proposed approach, we apply NLPSO to the Duffing equation, which is an example of a non-autonomous system that exhibits chaotic behavior. The system is given by
where x = (x 1 , x 2 ) ∈ R 2 , which is a vector of state variables, and λ = (λ 1 , λ 2 , λ 3 , λ 4 , λ 5 ) ∈ R 5 is a vector of system parameters. In the bifurcation analysis, we varied λ 1 and λ 2 . We fixed the other parameters as λ 3 = 0.2, λ 4 = 0 and λ 5 = 1. Under these settings, the particle positions of PSO bif and PSO pp were z b = (z b1 , z b2 ) = (λ 1 , λ 2 ) and z p = z p 1 , z p 2 ≡ x * p = x p * 1 , x p * 2 ; thus, L = 2 and N = 2. Equation (14) periodically varies according to the time t with period T = 2π, so the Poincaré section is at t = 2π. The objective functions of NLPSO are described in Appendix A. We use the Runge-Kutta method (RK4) to solve the ODEs. Table III summarizes the experimental parameters of PSO bif and PSO pp , and Table IV states the search-space range and the initialization range of the variables in the Duffing equation. The NLPSO detected a period-doubling bifurcation parameter (μ = −1) denoted I n and a saddle-node bifurcation parameter (μ = 1) denoted G n in each Duffing equation (n =1-and 2-periodic solutions). These bifurcation parameters were obtained by the same algorithm with the objective function, requiring only a change of the parameters n and μ. We computed these bifurcation parameters in 300 simulations with different random initial states of the particles. Table V summarizes the parameters of 5 representative bifurcations in the 300 detected bifurcations. In the bifurcation parameters (λ 1 , λ 2 ), their F bif (λ) accuracy, the iteration counts k end at which the F bif of gbest satisfied the stop criterion C bif = 10 −3 , the (λ 1 , λ 2 )-dependent periodic solutions x * p 1 , x * p 2 and their accuracy F pp x * p . All of the detected parameters λ satisfied F bif (λ) < C bif . All the deemed periodic solutions x * p that composed of the bifurcation parameters satisfied F pp x * p < C pp . Figure 1 showed the 1-parameter bifurcation diagram of the Duffing equation using the parameters detected by NLPSO. In Figs. 1(a) , (c) and (e), the varied parameter is λ 1 . In Figs. 1(b), (d) and (f), the varied parameter is λ 2 . Note that the varied parameters increased in Figs. 1(a)-(d) and decreased in Figs. 1(e )-(f) . Figures 1(a) and (b) are the bifurcation diagrams using the 1-periodic period-doubling bifurcation parameters (λ 1 , λ 2 ) = (0.0922, −0.0283), identified as the first detected parameter I 1 in Table V . We confirm that the detected bifurcation parameters plotted by the red lines are on the 1-periodic period-doubling bifurcation point. Figures 1(c) and (d) are the bifurcation diagrams, using the 2-periodic period-doubling bifurcation parameters (λ 1 , λ 2 ) = (0.2505, 0.03717), are the first detected parameter I 2 in Table V . This showed that the 2-periodic period-doubling bifurcation occurred on the detected bifurcation parameters. Figures 1(e) and (f) are the bifurcation diagrams using the 1-periodic saddle-node bifurcation parameters (λ 1 , λ 2 ) = (0.2192, 0.3601), which are the first detected parameter G 1 in Table V . As 1-periodic saddlenode bifurcation occurred on the red lines, it is revealed that the NLPSO has detected the bifurcation parameters correctly. Figure 2 is a two-dimensional bifurcation diagram of the respectively detected 300 bifurcation parameter sets that shows that the bifurcation parameter sets are obtained correctly on both the period-doubling saddle-node bifurcation parameters for all numbers of periods because the detected parameters are located on the bifurcation curves detected by Kawakami method [1] as shown in Fig. 3 . As revealed in Table VI , the results of 300 simulations of each bifurcation type and periodic number are confirmed. The table also reveals the means and standard deviations (SDs) of F bif and F pp , the mean k end of the PSO bif , and Suc[%] values of the PSO bif and the PSO pp denote the success rates of F bif < C bif and F pp < C pp . Moreover, the PSO bif detected 100% of all the bifurcations, and the mean k end was below the iteration limit (K max1 = 300). Notably, the success rate of the PSO pp was 100%. The small SDs of F bif denotes the robustness of NLPSO. Note that the obtained bifurcation points shown in Fig. 2 are ununiformly distributed. This is caused by a PSO characteristic that the particles tend to move to an area where there are solutions which can be easily found. Therefore, the NLPSO finds few bifurcation points that locate on the area where a lot of local solutions exist. The NLPSO can obtain uniformly distributed bifurcation parameters by limiting the search-space range of the PSO bif to the area we want to obtain and repeating the simulation with different search-space range.
In considering the NLPSO optimization process, Fig. 4 shows the movement of the PSO bif particles that converge to the 1-periodic period-doubling bifurcation parameter (λ 1 , λ 2 ) = (0.0922, −0.0283) written in the first row of Table V. The yellow circles and red cross markers in the chart denote the position vectors z b of 30 particles in the PSO bif and the gbest z bg (k 1 ) at the iteration count k 1 . Since the particle position z b of the PSO bif corresponds to λ in the Duffing equation as described in Eq. (14), the particles move on a system parameter space of the λ 1 -λ 2 plane. Gray lines denote the 1-periodic period-doubling bifurcation curves [1] . In other words, the multiple optimum solutions, in which F bif (λ) = 0, are located on the gray lines. On the other hand, Fig. 5 shows a search space of the PSO pp for the PSO bif gbest at k 1 , and this figure is a displayed image of the corresponding F pp values with scaled colors. Darker colors denote lower (better) F pp (z p ) values, and white cross markers denote the 1-periodic solution x * p = z p g detected by the PSO pp . Since the particle position z p of the PSO pp corresponds to x in Eq. (14), the particles move on a state variable space of the x 1 -x 2 plane. In the initial state of the PSO bif at k 1 = 0 ( Fig. 4(a) ), the PSO bif particles were randomly spread in the parameter space. In this way, we do not need to set the initial value carefully, but we only need to set it randomly. As the iterations proceeded, the particles swarmed toward one of the I 1 bifurcation parameters as shown in Figs. 4(b) -(c). Meanwhile, Figs. 5(a)-(c) show that a shape of optimization space of F pp varies with the z bg (k 1 ) value. This shows that the PSO pp should be used for each PSO bif particle since the PSO bif particles take a different periodic solution x * p depending on respective particle position z bi . We should note that the PSO pp automatically searches the periodic solution that exists outside the initialization range as shown in Table IV . Thus, the periodic solution exists (see Figs. 5(c) and (d)) since the search area of the PSO pp is not fixed. At k 1 = 36 ( Fig. 4(d) ), the PSO bif that found a period-doubling bifurcation point satisfied the F bif < 10 −3 criterion, which terminated the bifurcation point searching.
From these results, we conclude that the proposed NLPSO-based bifurcation point detection on nonautonomous systems can effectively detect period-doubling and saddle-node bifurcation parameters with high accuracy, high robustness, versatile usability and rapid convergence speed.
Conclusions
This study demonstrates that NLPSO is a powerful bifurcation parameter detection method in both the discrete-time and non-autonomous dynamical systems. We proposed an NLPSO-based approach that converted the continuous system to the discrete-time system for the Poincaré map calculation. Using this technique, NLPSO accurately detected the period-doubling and saddle-node bifurcation parameters in non-autonomous systems and the discrete-time dynamical systems, without a change in objective functions. The experimental results showed that the detected parameters produced highly accurate results, although our detection method requires no careful initialization, second-order partial derivative, or Lyapunov exponents. By assigning the bifurcation parameter, detected by the NLPSO, as the initial point of a conventional curve tracing, we could solve the initial value problem of the conventional bifurcation analysis. Furthermore, since [4] gives a detailed description that the NLPSO can detect the bifurcation parameters in the discrete-time dynamical systems regardless of the stability of the periodic points, the proposed method maybe detect saddle-node bifurcation parameter sets at which saddle and unstable periodic point merges. In contrast to the traditional Newton method-based approaches, our PSO-based method can detect bifurcation parameters of nondifferentiable/discontinuous system since PSO can realize global search and does not require differentiability of objection functions. Future works are required for the application of the proposed method in the autonomous systems and other local bifurcations, such as Neimark-Sacker bifurcations, transcritical bifurcation and pitchfork bifurcation. In addition, NLPSO may be developed into an effective tool to detect global bifurcation parameters, such as homoclinic bifurcations. Furthermore, the proposed method should be applied to the unique bifurcations in composite dynamical systems, such as grazing bifurcations and border collision bifurcations. Moreover, we will modify and improve the NLPSO algorithm. In this study, we have used the simplest PSO including only a fraction of parameters. However, to accelerate the detection speed or detect bifurcation curves, other types of PSO or other population-based algorithms should be implemented. We hope to extend the NLPSO into the bifurcation analysis, circuit design, chaos control and other applications. where z p = z p 1 , z p 2 .
